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Abstract 

We introduce a planar waveguide of constant width with non-Hermitian 
PT-symmetric Robin boundary conditions. We study the spectrum of 
this system in the regime when the boundary coupling function is a com- 
pactly supported perturbation of a homogeneous coupling. We prove that 
the essential spectrum is positive and independent of such perturbation, 
and that the residual spectrum is empty. Assuming that the perturba- 
tion is small in the supremum norm, we show that it gives rise to real 
weakly-coupled eigenvalues converging to the threshold of the essential 
spectrum. We derive sufficient conditions for these eigenvalues to exist or 
to be absent. Moreover, we construct the leading terms of the asymptotic 
expansions of these eigenvalues and the associated eigenfunctions. 
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1 Introduction 



There are two kinds of motivations for the present work. The first one is due to 
the growing interest in spectral theory of non-self-adjoint operators. It is tra- 
ditionally relevant to the study of dissipative processes, resonances if one uses 
the mathematical tool of complex scaling, and many others. The most recent 
and conceptually new application is based on the potential quantum-mechanical 
interpretation of non-Hcrmitian Hamiltonians which have real spectra and are 
invariant under a simultaneous P-parity and T-time reversal. For more infor- 
mation on the subject, we refer to the pioneering work 2] &ud especially to the 
recent review [2] with many references. 

The other motivation is due to the interesting phenomena of the existence of 
bound states in quantum-waveguide systems intensively studied for almost two 
decades. Here we refer to the pioneering work [T^] and to the reviews [TU1 121) . 
In these models the Hamiltonian is self-adjoint and the bound states - often 
without classical interpretations - correspond to an electron trapped inside the 
waveguide. 

In this paper we unify these two fields of mathematical physics by consider- 
ing a quantum waveguide modelled by a non-Hermitian PT-symmetric Hamil- 
tonian. Our main interest is to develop a spectral theory for the Hamiltonian 
and demonstrate the existence of eigenvalues outside the essential spectrum. For 
non-self-adjoint operators the location of the various essential spectra is often 
as much as one can realistically hope for in the absence of the powerful tools 
available when the operators are self-adjoint, notably the spectral theorem and 
minimax principle. In the present paper we overcome this difficulty by using 
perturbation methods to study the point spectrum in the weak-coupling regime. 
In certain situations we are also able to prove that the total spectrum is real. 

Let us now briefly recall the notion of PT-symmetry. If the underlying 
Hilbert space of a Hamiltonian H is the usual realization of square integrable 
functions ^(R™), the PT-symmetry invariance can be stated in terms of the 
commutator relation 

{VT)H = H(VT), (1.1) 

where the parity and time reversal operators are defined by (Vip)(x) :— ip(—x) 
and Tip := ip t respectively. In most of the PT-symmetric examples H is the 
Schrodinger operator — A + V with a potential V satisfying (|1.1|) . so that H* = 
THT where H* denotes the adjoint of H . This property is known as the T-self- 
adjointness of H in the mathematical literature llj, and it is not limited to PT- 
symmetric Schrodinger operators. More generally, given any linear operator H 
in an abstract Hilbert space 7i, we understand the PT-symmetry property as a 
special case of the J-self-adjointness of H: 

H* = JHJ 1 (1.2) 

where J is a conjugation operator, i.e., 

This setting seems to be adequate for a rigorous formulation of PT-symmetric 
problems, and alternative to that based on Krein spaces [221 EH]- 

The nice feature of the property (|1.2|) is that H "is not too far" from the 
class of self-adjoint operators. In particular, the eigenvalues are found to be 
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real for many PT-symmetric Hamiltonians [HI M HI HI US El HO] . However, 
the situation is much less studied in the case when the resolvent of H is not 
compact. 

The spectral analysis of non-self-adjoint operators is more difficult than in 
the self-adjoint case, partly because the residual spectrum is in general not 
empty for the former. One of the goals of the present paper is to point out that 
the existence of this part of spectrum is always ruled out by (|1.2p : 

Fact. Let H be a densely defined closed linear operator in a Hilbert space sat- 
isfying (|1.2[) . Then the residual spectrum of H is empty. 

The proof follows easily by noticing that the kernels of H — A and H* — A 
have the same dimension [UJ Lem. III. 5.4] and by the the general fact that the 
orthogonal complement of the range of a densely defined closed operator in a 
Hilbert space is equal to the kernel of its adjoint. The above result is probably 
not well known in the PT-symmetry community. 

We continue with an informal presentation of our model and main spectral 
results obtained in this paper. The rigorous and more detailed statements are 
postponed until the next section because they require a number of technical 
definitions. 

The Hamiltonian we consider in this paper acts as the Laplacian in the 
Hilbert space of square integrable functions over a straight planar strip and the 
non-Hermiticity enters through PT-symmetric boundary conditions only. The 
boundary conditions are of Robin type but with imaginary coupling. The PT- 
symmetric invariance then implies that we actually deal with an electromagnetic 
waveguide with radiation/dissipative boundary conditions. In fact, the one- 
dimensional spectral problem in the waveguide cross-section has been studied 
recently in [2D] (see also (TDJ) and our model can be viewed as a two-dimensional 
extension of the former. 

Schr6dinger-type operators with similar non-Hermitian boundary conditions 
were studied previously by Kaiser, Neidhardt and Rehberg [TTl [16j E] • In their 
papers, motivated by the needs of semiconductor physics, the configuration 
space is a bounded domain and the boundary coupling function is such that the 
Hamiltonian is a dissipative operator. The latter excludes the PT-symmetric 
models of [501 and the present paper. 

The T-self-adjointness property (|1.2j) of our Hamiltonian is proved in Sec- 
tion [3] If the boundary coupling function is constant, the spectral problem can 
be solved by separation of variables and we find that the spectrum is purely es- 
sential, given by a positive semibounded interval (cf Section^]). In Section[5]we 
prove that the essential spectrum is stable under compactly supported pertur- 
bations of the coupling function. Consequently, the essential spectrum is always 
real in our setting, however, it exhibits important differences as regards similar 
self-adjoint problems. Namely, it becomes as a set independent of the value 
of the coupling function at infinity when the latter overpasses certain critical 
value. 

In Section E] we study the point spectrum. We focus on the existence of 
eigenvalues emerging from the threshold of the essential spectrum in the limit 
when the compactly supported perturbation of the coupling function tends to 
zero in the supremum norm. It turns out that the weakly-coupled eigenvalues 
may or may not exist, depending on mean values of the local perturbation. In 
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the case when the point spectrum exists, we derive asymptotic expansions of 
the eigenvalues and the associated eigenfunctions. 

Because of the singular nature of the 'PT-symmetric interaction, our exam- 
ple is probably the simplest non-trivial, multidimensional PT-symmetric model 
whatsoever for which both the point and essential spectra exist. We hope that 
the present work will stimulate more research effort in the direction of spectral 
and scattering properties of the present and other non-Hermitian PT-symmetric 
operators. 

2 Main results 

Given a positive number d, we write I := (0, d) and consider an infinite straight 
strip SI := Kx I. We split the variables consistently by writing x = (x 1 ,x 2 ) with 
X\ £ M. and x-i € /. Let a be a bounded real-valued function on R; occasionally 
we shall denote by the same symbol the function x i— > a{x\) on SI. The object 
of our interest is the operator in the Hilbert space £2(0) which acts as the 
Laplacian and satisfies the following PT-symmetric boundary conditions: 

+ ia* = on dSl . (2.1) 

More precisely, we introduce 

H a t> := -A* , E ®{H a ) := e W%{Sl) | * satisfies CD}} , (2.2) 

where the action of H a should be understood in the distributional sense and (|2.1j) 
should be understood in the sense of traces [T|. In Section [3] we show that H a is 
well defined in the sense that it is an m-sectorial operator and that its adjoint 
is easy to identify: 

Theorem 2.1. Let a € W^M). Then H a is an m-sectorial operator in L,2(Sl) 
satisfying 

H* = H— a . (2.3) 

Of course, H a is not self-adjoint unless a vanishes identically (in this case 
Hq is the Neumann Laplacian in Z^Sl)). However, H a is T-self-adjoint, i.e., 
it satisfies (|1.2I) with J being the complex conjugation T : 5* 1— > 5*. Indeed, 
H a satisfies the relation (|2.3p and it is easy to see that 

H- a = TH a T . (2.4) 

This reflects the 7-T-symmetry (jl.ip of our problem, with V being defined by 

An important property of an operator H in a Hilbert space 7i being m- 
scctorial is that it is closed. Then, in particular, the spectrum o~(H) is well 
defined as the set of complex points z such that H — z is not bijective as the 
operator from S(-ff) to 7i. Furthermore, its spectrum is contained in a sector of 
complex numbers z such that | arg(z — 7)! ^ 9 with some 7 6 K and 9 E [0,7r/2). 
In our case, however, we are able to establish a stronger result 

a(H a ) C S Q := [z e C : Rez ^ 0, |Imz| s: 2 ||a|| ioo(R) VRez} . (2.5) 
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This follows directly from Lemma 13.11 on which the proof of Theorem 12.11 is 
based (cf the end of Section [3] for more details). Consequently, the resolvent 
set p(H a ) := C \ o~(H a ) contains the complement of S Q and we have the bound 

\\(H a - z)' 1 ]] < l/dist(z,<9S Q ) forall z £ C \ E a , (2.6) 

where || ■ || denotes the operator norm in L2(Q). 

Given a closed operator H in a Hilbert space H, we use the following de- 
composition of the spectrum o~(H): 

Definition. The point spectrum cr p (H) equals the set of points A such that 
H — A is not injective. The essential spectrum cr c (H) equals the set of points A 
such that H — A is not Fredholm. Finally, the residual spectrum a r (H) equals 
the set of points A such that H — A is injective but the range of H — A is not 
dense in H. 

Remark 2.1. 1. The reader is warned that various other types of essential spectra 
of non-self-adjoint operators are used in the literature; cf [TT1 Chapt. IX] for five 
distinct definitions and a detailed description of their properties. Among them 
we choose that of Wolf [57] , which is in general larger than that of Kato [TH] 
Sec. IV. 5. 6] based on violating the semi-Fredholm property. (Recall that a closed 
operator in a Hilbert space is called Fredholm if its range is closed and both its 
kernel and its cokernel are finite-dimensional, while it is called semi-Fredholm if 
its range is closed and its kernel or its cokernel is finite-dimensional.) However, 
since our operator H a is T-self-adjoint, the majority of the different definitions 
coincide |11[ Thm IX. 1.6], in particular the two above, and that is why we use 
the common notation a e (-) i n this paper. Then our choice also coincides with 
the definition of "continuous spectrum" as used for instance in the Glazman's 
book [H]. 

2. We indeed have the decomposition (cf P3J Sec. 1. 1.1]) 

a(H)=a p (H)Ua e (H)Ua I (H), 

but note that there might be intersections on the right hand side. In particular, 
<j c (H) contains eigenvalues of infinite geometric multiplicity. 

3. On the other hand, the definitions of point and residual spectra are standard 
and they form disjoint subsets of cr(H). Recalling the general fact [TH] Sec. V.3.1] 
that the orthogonal complement of the range of a densely defined closed operator 
in a Hilbert space is equal to the kernel of its adjoint, we obtain the following 
characterization of the residual spectrum in terms of the point spectrum of the 
operator and its adjoint: 

<t t (H) = {A e C | A e cr p (iT) & A £ cr p {H)} . (2.7) 

The T-self-adjointness of H a immediately implies: 

Corollary 2.1. Suppose the hypothesis of Theorem \2.1\ Then 

a x (H a ) = 0. 

Proof. We repeat the proof sketched in Introduction. Since H a is T-self-adjoint, 
it is easy to see that A is an eigenvalue of H a (with eigenfunction if, and 
only if, A is an eigenvalue of i?* (with eigenfunction 'J'). It is then clear from 
the general identity (|2.7p that the residual spectrum of H a must be empty. □ 
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The case of uniform boundary conditions, i.e. when a equals identically a 
constant ao, can be solved by separation of variables (c/ Section [J). We find 



a(H ao ) = a c {H ao ) = +00) , (2.8) 
where the threshold //q, with the notation 

f«o if \ao\**/d, 
\n/d if |« 1 > it/d , 

denotes the bottom of the spectrum of the "transverse" operator 

-Aij := -r, 
ip G 3(-A£ o ) := {V^ G Wi(I) I V' + ia ip = at dl) . 



(2.10) 



The operator — A^ o was studied in [20.. Its spectrum is purely discrete and 
real: 

a(-A I c J = {^ 0l (2.11) 
where Mo has been introduced in (|2.9[) , 

f"0 if \a \>ir/d, 

Ml = S ., , , . and H'=' K J/ d for J^ 2 - 

I TT/d if |ao| ^ ir/d , 

Making the hypothesis 

aod/ir <£ Z\{0}, (2.12) 

the eigenvalues of — A„ are simple and the corresponding set of eigenfunctions 
{ipj}jLo can be chosen as 

ao 

4>j{x 2 ) ■= cos([ijX 2 ) — i — sm(/ijX2) ■ (2-13) 
Mj 

We refer to Section FOl for more results about the operator — A^ o . 

Let us now turn to the non-trivial case of variable coupling function a. 
Among a variety of possible situations, in this paper we restrict the consider- 
ations to local perturbations of the uniform case. Namely, we always assume 
that the difference a — ao is compactly supported. 

First of all, in Section \5\ we show that the essential component of the spec- 
trum of H a is stable under the local perturbation of the uniform case: 



Theorem 2.2. Let a - a £ C (R) H W^(K) with a eR. Then 

a e (H a ) = \pl,+oo) . 



Notice that the essential spectrum as a set is independent of ao as long 
as |ao| ^ n/d. This is a consequence of the fact that our Hamiltonian is not 
Hermitian. On the other hand, it follows that the essential spectrum is real. 
Recall that the residual spectrum is always empty due to Corollarv l2.lt We do 
not have the proof of the reality for the point spectrum, except for the particular 
case treated in the next statement: 
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Theorem 2.3. Let a G C (M) n W^(R) be an odd function. Then 

a p {H a ) CR. 

Summing up, under the hypotheses of this theorem the total spectrum is real 
(and in fact non-negative due to (|2.5p ). 

The next part of our results concerns the behavior of the point spectrum 
of H a under a small perturbation of a®. Namely, we consider the local pertur- 
bation of the form 

a(xi) = a o + e0(x 1 ), (2.14) 

where (3 G Cf(R) and £ is a small positive parameter. In accordance with Theo- 
rem [521 m this case the essential spectrum of H a coincides with [/i 2 ,, +oo), and 
this is also the spectrum of H ao . Our main interest is focused on the existence 
and asymptotic behavior of the eigenvalues emerging from the threshold /Ltg due 
to the perturbation of H ao by e(3. 

First we show that the asymtotically Neumann case is in some sense excep- 
tional: 

Theorem 2.4. Suppose uq = 0. Let a be given by ()2.14f> . where (3 G Cq(R). 
Then the operator H a has no eigenvalues converging to as e — > +0. 

The problem of existence of the weakly-coupled eigenvalues is more subtle 
as long as ao ^= 0. To present our results in this case, we introduce an auxiliary 
sequence of functions Vj : R — * R by 



|ari — d*i if j = 0, 



vJxi) := < 1 r /-j — 2i * i (2-15) 



Denoting (/) = J R /(xi) dxi for any / G Li(R), we introduce a constant r, 
depending on f3, d and ao, by 



2a (/3i> ) + — r -5 2 tan o lf Nl < 3 > 

2a ^ 2 cot^ Stt 2 ^f4i^V2j) , , tt 

It will be shown in Section 16.31 that the series converge. Finally, we denote 
Cl a := n {x : \xi\ < a} for any positive a. Now we are in a position to state 
our main results about the point spectrum. 

Theorem 2.5. Suppose \ao\ < ir/d. Let a be given by (|2~T4l) . where (3 G Cg(R). 

-7. If chq{0) < 0, i/iere exists the unique eigenvalue X £ of H a converging to /i 2 , 
as e — » +0. T/iis eigenvalue is simple and real, and satisfies the asymptotic 
formula 

\ e =V 2 o- £ 2 «oW + 2e 3 a r(/3) + G(e 4 ) . 

T/ie associated eigenfunction ty £ can be chosen so that it satisfies the 
asymptotics 

9 e (x) = Mx2) + 0{e) (2.16) 
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in W% (f2 a ) for each a > 0, and behaves at infinity as 
¥ e (x) = e-V^^kil^^j,) + ^(e-V^-^il) ) | Xl ]^ +0O . (2.17) 

U. If ao(P) > 0, i/ie operator H a has no eigenvalues converging to ^ as 
e-> +0. 

5. // (/3) = 0, and r > 0, t/iere exists the unique eigenvalue \ e of H a con- 
verging to /1q as e — ► +0. TTiis eigenvalue is simple and real, and satisfies 
the asymptotics 

X s = $ - £ 4 r 2 + 0{e h ) . (2.18) 

The associated eigenfunction can be chosen so that the relations (|2.16|) 
and (|2.17|) hold true. 

4- If (0) = 0, and t < 0, the operator H a has no eigenvalues converging 
to /Kq as e — > +0. 

Theorem 2.6. Suppose \oto\ > ir/d and (|2.12|) . Lei a 6e <7wen 6j/ (|2.14p where 
/3eC 2 (R). 

i. If t > 0, f/iere exists the unique eigenvalue X e of H a converging to /xq as 
e — ► +0, if is simple and real, and satisfies the asymptotics l|2.18[) . T/ie 
associated eigenfunction can be chosen so that it obeys (|2.16j) anrf (|2.17|) . 

U. If t < 0, i/ie operator H a has no eigenvalues converging to /1q ase^ +0. 

In accordance with Theorem 12. 51 in the case |ao| < n/d the existence of a 
weakly-coupled eigenvalue is determined by the sign of the constant «o and that 
of the mean value of (5. In the language of Schrodinger operators (treating a 
as a singular potential), it means that a given non-trivial (3 plays the role of an 
effective interaction, attractive or repulsive depending upon the sign of ao- It is 
instructive to compare this situation with a self-adjoint waveguide [6], where a 
similar effective interaction is induced by a local deformation of the boundary. If 
the boundary is deformed "outward in the mean" , a weakly-coupled bound state 
exists, while it is absent if the deformation is "inward-pointing in the mean" . 

As usual, the critical situation = is much harder to treat. In our case, 
one has to check the sign of r to decide whether a weakly-coupled bound state 
exists. However, it can be difficult to sum up the series in the definition of t. 
This is why in our next statement we provide a sufficient condition guaranteeing 
that t > 0. 

Proposition 2.1. Suppose < |ao| < ir/d. Let a be given by (|2.14p where 
p(xx) = P{xx/l), PeClim,), 0) = 0, I > 0. // 

II/5|Il 2 (r) ' 

then t > 0. 

The meaning of this proposition is that for each positive |ao| < 7t/g? the 
perturbation e/3 in the critical regime (j3) = produces a weakly-coupled eigen- 
value near the threshold of the essential spectrum provided that the support of f3 
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is wide enough. This is in perfect agreement with the critical situation of [5J; 
according to higher-order asymptotics derived in [5], here the weakly-coupled 
bound state exists if, and only if, the critical boundary deformation is smeared 
enough. 

In the case |cto| > n/d a sufficient condition guaranteeing r > is given in 

Proposition 2.2. Suppose \ao\ > ir/d and (|2.12|) . Let a be given by (|2.14|) 
where j3 G C 2 (R). Let m be the maximal positive integer such that \i2m < | ckq | . 
If 

apd > 4 ^ l4j(Pv2j) 
2 ' d h " l4j 

then t > 0. 



^(/^cot^^^^, (2.19) 



In Section [676] we will show that the inequality (|2.19|) makes sense. Namely, 
it will be proved that there exists (3 such that this inequality holds true, provided 
that olq is close enough to \xi but greater than this value. 

Remark 2.2. It is useful to make the hypothesis (|2.12[) , since it implies that the 
"transverse" eigenf unctions (|2.13[) form a basis (c/ (|4.1[) ) and makes it there- 
fore possible to obtain a relatively simple decomposition of the resolvent of H aa 
(cf Lemma I4.3j) . However, it is rather a technical hypothesis for many of the 
spectral results {e.g., Theorem 12. 2|) . On the other hand, it seems that the hy- 
pothesis is rather crucial for the statement of Theorem 12. 61 and Proposition ^. 21 
If the hypothesis (|2 . 1 2[) is omitted and ao = wl/d, with £ S Z \ {0}, the 
threshold of the essential spectrum is ir 2 /d 2 . This point corresponds to a simple 
eigenvalue of the "transverse" operator — A^ Q only if \£\ > 1, while it is a 
double eigenvalue if \£\ — 1. Under the hypothesis of Theorems l2.5l and l2.6l the 
threshold is always a simple eigenvalue of — A^, , and the proof of the theorems 
actually employs some sort of "non-degenerate" perturbation theory. In view 
of this, we conjecture that in the degenerate case \£\ = 1 two simple eigenvalues 
(possibly forming a complex conjugate pair) or one double (real) eigenvalue can 
emerge from the threshold of the essential spectrum for a suitable choice of j3, 
while in the case \£\ > 1 there can be at most one simple emerging eigenvalue. 
The question on the asymptotic behaviour of these eigenvalues constitutes an 
interesting open problem. 



3 Definition of the operator 

In this section we prove Theorem 12.11 Our method is based on the theory of 
sectorial sesquilinear forms [TH1 Sec. VI]. 

In the beginning we assume only that a is bounded. Let h a be the sesquilin- 
ear form defined in Lzip.) by the domain D(h a ) := W 2 1 (^) ancl the prescription 
h a ■= h a + ih 2 a with 

/i^(*,$) := / V*(x) • V$(a;)dx, 
Jn 

h 2 a (-$,$) := / a(x 1 )-$(x 1 ,d)$(x 1 ,d)dx 1 - / a(xi) 0) 0) dxx , 

it Jr 

for any £ Q(h a ). Here the dot denotes the scalar product in R 2 and 

the boundary terms should be understood in the sense of traces [T|. We write 
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/i Q [^] := h a (^,^>) for the associated quadratic form, and similarly for h\ and 
h 2 

Clearly, h a is densely defined. It is also clear that the real part /i* is a 
densely defined, symmetric, positive, closed sesquilinear form (it is associated 
to the self-adjoint Neumann Laplacian in ^(O)). Of course, h a itself is not sym- 
metric unless a vanishes identically; however, it can be shown that it is sectorial 
and closed. To see it, one can use the perturbation result [TS1 Thm. VI. 1.33] 
stating that the sum of a sectorial closed form with a relatively bounded form 
is sectorial and closed provided the relative bound is less than one. In our case, 
the imaginary part h 2 a plays the role of the small perturbation of h x a by virtue 
of the following result. 

Lemma 3.1. Let a G L°°(M.). Then hr a is relatively bounded with respect to h a , 
with 

\h 3 a [*]\ < 2||a|| £ cc (H j||*|| £a(n) v^[«] < ShlW + S-'Ml^mUn) 
for all 'f G W% (O) and any positive number 5. 

Proof. By density [IJ Thm. 3.18], it is sufficient to prove the inequality for 
restrictions to Q, of functions $ in (K 2 ) . Then we have 

<2|H| L =o (R) ||*|| L2( n) ||5 2 *||l 2 (0) , 

which gives the first inequality after applying H^^Hi^n) ^ II V4'||l 2 (o)- The 
second inequality then follows at once by means of the Cauchy inequality with S. 

□ 

In view of the above properties, Theorem VI. 1.33 in [TB], and the first rep- 
resentation theorem jTSJ Thm. VI.2.1], there exists the unique m-sectorial oper- 
ator H a in L 2 (fi) such that /i Q (*,$) = (ff Q *,$) for all * <E T){H a ) C T)(h a ) 
and $ G ®{h a ), where 

D(ffa) = G Wi(Sl)\ 3F G L 2 (fi), V$ G W^fi), M*i $) = (F,$) i2(0) } . 

By integration by parts, it is easy to check that if <3> G D(H a ), it follows that \& G 
D(H a ) with F = — A^P. That is, H a is an extension of H a as defined in (|2.2[) . 
It remains to show that actually i/ Q = H a in order to prove Theorem 12.11 
However, the other inclusion holds as a direct consequence of the representation 
theorem and the following result. 

Lemma 3.2. Let a G W^M). For each F G L^Sl), a generalized solution VP 
to the problem 

{ -A* = F in n, 

{ (3.1) 
|3 2 f + ia$ = on v ; 

belongs to D(H a ). 

Proof. For any function \I> G W^Cl), we introduce the difference quotient 



a(xi) — ax 
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where 5 is a small real number. By standard arguments [23J Ch. Ill, Sec. 3.4, 
Thm. 3], the estimate 

ll**IU a (n) < IMwrn (3.2) 

holds true for all S small enough. If ^ is a generalized solution to (|3.ip . then 4"^ 
is a generalized solution to the problem 

-A* a = F s in , 
d 2 ^s + ia^s = 9 on 90, 

where g denotes the trace of the function x i— > — ias(xi)^f(xi + 5,x%) to the 
boundary 90. Using the "integration-by-parts" formula for the difference quo- 
tients, (Fs, $)i 2 (n) = — (F, &s)L 2 (n), the integral identity corresponding to 
the weak formulation of the boundary value problem for tyg can be written as 
follows 

h a ($ s ,$) = -{F,$-s)L 3 (n)-i / a s {xi) ^{x x + S, d) $(xi, d) dx x 

JR 

+ i / as{xi)iff(x 1 + 5,0)<&(x 1 ,Q)dxx, 
Jr 

where 4> £ Wa(0) is arbitrary. Letting $ = an d using the embedding 
of W^i^i) in La (90), the boundedness of a<5, Lemma T3.ll and (13. 2|l . the above 
identity yields 

ll^llwjcn) < c . 

where the constant C is independent of 6. Employing this estimate and pro- 
ceeding as in the proof of Item b) of Theorem 3 in [231 Ch. Ill, Sec. 3.4], one 
can show easily that <E W^Cl). Hence, € L 2 (0) an d 912* 6 L 2 (fl). 

If follows from standard elliptic regularity theorems (see, e.g., [531 Ch. IV, 
Sec. 2.2]) that * e W£ loc (il). Hence, the first of the equations in (|5TT|) holds 
true a.e. in 0. Thus, 9 22 * = -F - 9 n * € L 2 (0), and therefore 4- € Wf (O). 

It remains to check the boundary condition for 4'. Integrating by parts, one 

has 

(F,*K(n) =M*»*) = (-A*,$) ia(n) 

+ / [d 2 ^(xi,d) +ia(x 1 )-$(x 1 ,d)] $(x 1 ,d)dx 1 

JR 

- / [9 2 *(xi,0) + ia(xi)*(xi,0)] ${x 1 ,0)dx 1 

JR 

for any <E> G W^O). This implies the boundary conditions because —A* = F 
a.e. in O and $ is arbitrary. □ 

Summing up the results of this section, we get 

Proposition 3.1. Let a e W^(R). Then H a = H a . 

Theorem 12.11 follows as a corollary of this proposition. In particular, the 
latter implies that H a is m-sectorial. Moreover, by the first representation the- 
orem, we know that the adjoint 7J* is simply obtained as the operator associated 
with h* a — h- a . This together with Proposition 13.11 proves (|2.3p . 
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Let us finally comment on the results (|2.5[) and (|2.6p . As a direct consequence 
of the first inequality of Lemma \'S. 21 we get that the numerical range of H a (= 
H a ), defined as the set of all complex numbers {H a ^, ^)l 2 (Q) where "J changes 
over all \t G D{H a ) with ||4 , ||L 2 (n) = 1; IS contained in the set 5 a . Hence, in 
view of general results about numerical range (c/ [HI Sec. V.3.2]), the exterior of 
the numerical range of H a is a connected set, and one indeed has (|2.5p and (|2.6p . 



4 The unperturbed waveguide 

In this section we consider the case of uniform boundary conditions in the sense 
that a is supposed to be identically equal to a constant ao S R. We prove the 
spectral result (|2.8p by using the fact that H ao can be decomposed into a sum of 
the "longitudinal" operator — A K , i.e. the self-adjoint Laplacian in ^(R), and 
the "transversal" operator — A„ defined in (|2.10p . 



4.1 The transversal operator 

We summarize here some of the results established in [20] and refer to that 
reference for more details. 

The adjoint of — A^ o is simply obtained by the replacement ao i— > — ao, i.e., 
(— A£ )* = — A^ Qq . Consequently, (— A£ )* has the same spectrum (|2.11[) and 
the corresponding set of eigenfunctions {<£j}^L can be chosen as 



<t>j(x 2 ) := A J 7p j (x 2 ) , 

where {?pj}'j°=Q have been introduced in (|2.13|) and Aj are normalization con- 
stants. Choosing 

2iq 2n\ 2tf 

30 ' 1 - exp (-2ia d) ' 31 ' (Mi - a§)d ' J " (rf - a 2 )d ' 

where j ^ 2, (j ,ji) = (0,1) if |a | < ir/d and (j ,ji) = (1,0) if |a | > 7r/d 
(if ao = 0, the fraction in the definition of Aj should be understood as the 
expression obtained after taking the limit ao —> 0), we have the biorthonormality 
relations 

Vj, k e N, (-0J, 0fc)i 2 (/) = <5jfc 
together with the biorthonormal-basis-type expansion (c/ [2171 Prop. 4]) 

oo 

e L 2 (J) , ^ = X>> ^)l 2 (/) ^ • (4.1) 

Let us show that (|4.ip can be extended to L 2 (Q). 
Lemma 4.1. For any ^ g L2(f2), ifte identity 



= ^ %Oi) ^(^2) %(xi) := •), 0j) 

ZioWs inte in i/ie sense of L2{Q)-norm. 
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Proof. In view of (|4.1[) . the series converges to *f> in Li2(I) for almost every x% £ 
R. We use the dominated convergence theorem to prove that the convergence 
actually holds in the norm of .^(O). To do so, it is sufficient to check that the 
L2(-0-norm of the partial sums can be uniformly estimated by a function from 
L 2 {R). 

Let us introduce xfi x 2) '■— sm(Trjx2/d) and xf '(^2) := cos(irjx2/d) for 
j > 1, and Xo(x2) := 1/V5. We recall that {y/2/dxf}%i and {V^/dxf }?=o 
form complete orthonormal families in L 2 (I) . Expressing i/jj in terms of xf an d 
xf for j ^ 2, and using the orthonormality, we have (n 2) 



J=2 



L a (J) 



L 2 (,JJ 



J=2 



J=2 



2 

L 2 (J) 



= d^|^( 2;i )| 2 +d^^|^(x 1 )| 2 /^ 

i=2 J=2 

(2 \ 00 
i+^)Ei*i(^)i 2 - 



(4.2) 



Next, writing (j : ^ 2) 



with 



**(:■*):= (^i,-)>x5) i2( n, 



noticing that |Ay| ^ c (valid for all j 0) where c is a constant depending 
uniquely on |oo| and d, and using the Parseval identities for xf an d X? \ we 
obtain 



J=2 



J'=2 



^c 2 d (l + ^ll^,.)!!!^). (4-3) 

At the same time, using just the estimates \ipj\ 2 ^ (1 + oft/fi?) valid for all 
j ^ 0, we readily get 



j'=o 



L 2 (/) 



<2cd(l + ^)||*(x 1 ,.)IU aW 



Summing up, 



3=0 



La W 



/'(I 



<c||*(* 1 ,.)|| iaW eL 2 (R) ; 



(4.4) 



where C is a constant independent of n, and the usage of the dominated con- 
vergence theorem is justified. □ 



4.2 Spectrum of the unperturbed waveguide 

First we show that the spectrum of H ag is purely essential. Since the residual 
spectrum is always empty due to Corollary 1 2. 11 it is enough to show that there 
are no eigenvalues. 
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Proposition 4.1. Let a £ E satisfy (|2. 12[> . Tften 



a p {H ao ) = . 

Proof. Suppose that ff ao possesses an eigenvalue A with eigenfunction \P. Mul- 
tiplying the eigenvalue equation with <f>j and integrating over /, we arrive at the 
equations 

= (A — fyVj in R , j ^ , 

where ^ are the coefficients of Lemma T4. II Since 4^ S I>2(M) due to Fubini's 
theorem, each of the equations has just a trivial solution. This together with 
Lemma f4 . 1 1 yields ^ = 0, a contradiction. That is, the point spectrum of H ao 
is empty. □ 

Remark 4.1. Regardless of the technical hypothesis (|2.12|) . the set of isolated 
eigenvalues of H ao is always empty. This follows from Proposition 14.11 and the 
fact that «o l—> H ao forms a holomorphic family of operators [T5J Sec. VII. 4]. 

It is well known that the spectrum of the "longitudinal" operator — A R is also 
purely essential and equal to the semi-axis [0, +oo). In view of the separation of 
variables, it is reasonable to expect that the (essential) spectrum of H ao will be 
given by that semi-axis shifted by the first eigenvalue of — A^, . First we show 
that the resulting interval indeed belongs to the spectrum of H ao . 

Lemma 4.2. Let ao £ R. Then \pq, +oo) C a e (H ao ). 

Proof. Since the spectrum of H aa is purely essential, it can be characterized 
by means of singular sequences |11[ Thm. IX. 1.3] (it is in fact an equivalent 
definition of another type of essential spectrum, which is in general intermediate 
between the essential spectra due to Wolf and Kato, and therefore coinciding 
with them in our case, cf Remark 12. ip . That is, A £ o~ e (H ag ) if, and only if, 
there exists a sequence {un}^^ C D(H ao ) such that ||un||i 2 (fi) = lj u n — 1 
and \\H aa u n — Am„||l 2 (q) — > as n — ► oo. Let {tpn}%Li be a singular sequence 
of — A R corresponding to a given z £ [0, +00). Then it is easy to verify that u n 
defined by u n (x) :— ^p n (xi)ipo(x 2 ) /\\ifjo\\L 2 (i) forms a singular sequence of H ao 
corresponding to z + /1q . □ 

To get the opposite inclusion, we employ the fact that the biorthonormal- 
basis-type relations (|4.ip are available. This enables us to decompose the resol- 
vent of H ao into the transverse biorthonormal-basis. 

Lemma 4.3. Let a £ R satisfy (|2.12p . Then C\ [/ig,+oo) C p(H ao ) and for 
any z £ C \ [/Xq, +00) we have 

00 

Here Bj is a bounded operator on L 2 (Cl) defined by 

(B^)(x) := ■), ^)l 2 (/) ^2) , * e L 2 (Q) , 

and (-A^+tf-z)- 1 abbreviates (-A R +^_ z )-i(g)i on L 2 (M)®L 2 (I) a L 2 (Tl). 
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Proof. Put z 6 C \ [/Zq,+og). For every ^ £ £2^) and all j ^ we denote 
Uj := (-A R + ^ - zY^j £ L 2 (M), where are denned in Lemma |4~T1 It is 
clear that 

Urr || ^ ll^jjUgW <r- r> ll%l|Mg) Mrr/ll ^ ^ ll^jlU 2 (R) 

^ L 2 (R) ^ 37—7 f-o— i ^ C — j > ^ L 2 (R) ^ t> 1 = = ) 

dist(z, [^,+00)) r + i v ^ + 1 

(4-5) 

where C is a constant depending uniquely on |ao|, d and z; the second inequality 
follows from the identity ||C/J||| a(R j + (rf - z)||^||| 2(K) = (*,-, Uj) L%{V) . Us- 
ing (|4.5p and estimates of the type (|4.4p . it is readily seen that each function 
Rj : x 1 — ► Uj(xi)ipj(x2) belongs to W^H^)- We will show that it is the case for 
their infinite sum too. Firstly, a consecutive use of (|4.2p , the first inequality 
of (14.5(1 and (|4.3[) together with Fubini's theorem implies || X^j=2 -^ill^n) ^ 
K ||^ ||z, 2 (n)) where K is a constant independent of n ^ 2. Secondly a similar 
estimate for the partial sum of d\Rj can be obtained in the same way, provided 
that one uses the second inequality of (|4.5|) now. Finally, since the derivative 
of ipj as well can be expressed in terms of xf an d xf introduced in the proof 
of Lemma 14.11 a consecutive use of the estimates of the type (|4.2p and the first 
inequality of (|4.5p together with Fubini's theorem implies 



2 



2 n n 2 j 2 

L m < d E( a o + Mf)ll^lli 2(R ) ^^Et^X^ 11 *^ 



here the fraction in the upper bound forms a bounded sequence in j, so that we 
may continue to estimate as above using (|4.3p together with Fubini's theorem 
again. Summing up, the series ^2^ =0 Rj converges in W^fil) to a function R 
and 

ll-R||w*(n) <-K"ll*lk(n). 

where K depends uniquely on |ao|, d and z. Employing this fact and the 
definition of Uj, one can check easily that R satisfies the identity h ao (R, $) — 
z{R, $)i a( n) = (*,$)z a (n) for all * € W^Jl). It implies that R € D(H Qo ) and 
(ff ao - z)R = i.e., R = (H ao - z)- 1 *. □ 



Lemmata 14.21 and 14.31 yield 

Proposition 4.2. Let a e E. Then 

cr c {H aa ) = [/^o,+oo) . 

Proof. In view of the lemmata, the result holds for every ao G R except for a 
discrete set of points complementary to the hypothesis (|2.12l) . However, these 
points can be included by noticing that ao 1— > H ao forms a holomorphic family 
of operators (cf Remark l4.ip . □ 

Proposition 14.21 and Proposition 14.11 together with Remark 14.11 imply that 
the spectrum of H ao is real and (|2.8p holds true for every ao € K. 
Remark 4.2. It follows from (|2.8p that the spectrum of iJo, is equal to the sum of 
the spectra of — A R and — A^ o . This result could alternatively be obtained by us- 
ing a general theorem about the spectrum of tensor products [551 Thm. XIII. 35] 
and the fact that the one-dimensional operators generate bounded holomorphic 
semigroups. However, we do not use this way of proof since Lemma 14.31 is em- 
ployed not only in the proof of (|2.8p but also in the proofs of Theorems 
and 
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5 Stability of the essential spectrum 



In this section we show that the essential spectrum is stable under a compactly 
supported perturbation of the boundary conditions. In fact, we will establish a 
stronger result, namely that the difference of the resolvents of H a and H aa is a 
compact operator. As an auxiliary result, we shall need the following lemma. 

Lemma 5.1. Let ao 6 1 and ip € L 2 (<9f2). There exist positive constants c 
and C, depending on d and \chq\, such that any solution ^> € W 2 (f2) of the 
boundary value problem 

| (-A-z)* = m fi, 
1 (<9 2 + iao^ — ip on dfl , 

with any z ^ —c, satisfies the estimate 

IMwm < CM^gay (5.2) 



Proof. Multiplying the first equation of (|5.1[) by W and integrating over f2, we 
arrive at the identity 

||W|| 2 -z||*|| 2 + ia f j/ 2 |*| 2 - f V2tpV = 0, (5.3) 
Jon Jon 

where v?. denotes the second component of the outward unit normal vector 
to d£l. Using the Schwarz and Cauchy inequalities together with |z^2 1 = 1, we 
have 



v 2 |*| 

on 



V2 y* 

da 



n 



2|Re(#,d 2 *)| < <5 ||*|| 2 + <5||V*|; 
< <>~ L IMU a (90) +$ll*IU a (9n) . 



with any S € (0,1). Here ||*||i, 2 (aa) ^ C \\&\\wi(si)> where C is the constant 
coming from the embedding of W^iP) in L 2 (cT2) (depending only on d in our 
case). Choosing now sufficiently small 8 and sufficiently large negative z, it is 
clear that (|5.3p can be cast into the inequality (|5.2|) . □ 

Now we are in a position to prove 

Proposition 5.1. Let a - a a e C (E) n W^(R) with a € E. T/ien 

(iJ Q — z)^ 1 — (i?a — 2;)~ 1 is compact in L 2 (f2) 

/or any z S p(if a ) H p(H ao ). 

Proof. It is enough to prove the result for one z in the intersection of the re- 
solvent sets of H a and H ao , and we can assume that the one is negative (since 
the operators are m-accretive) . Given $ e £2(^)5 let $ := (i7 a — z) _1 $ — 
(H ao — z) _1 $. It is easy to check that * is the unique solution to (|5.1[) 
with 99 := — i(a — ao)T(H a — z) _1 $, where T denotes the trace operator from 
W| (fi) D D(H a ) to M / 2 1 (9r2). By virtue of Lemma l5.11 it is therefore enough to 
show that (a — a^)T(H a — z) _1 is a compact operator from L 2 (fi) to L 2 (dfi). 
However, this property follows from the fact that W\ (9fi) is compactly embed- 
ded in L 2 (w) for every bounded subset ui of <9fi, due to the Rellich-Kondrachov 
theorem [TJ Sec. VI]. □ 
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Corollary 5.2. Suppose the hypothesis of Proposition I3T71 Then 

a e (H a ) = [ill, +00) . 

Proof. Our definition of essential spectrum is indeed stable under relatively 
compact perturbations [TTJ Thm. IX. 2. 4]. □ 

6 Point spectrum 

In this section we prove Theorems I2.3H2.6I and Propositions I2.1H2.2I In the 
proofs of Theorems I2.4H2.6I we follow the main ideas of [13] • Throughout this 
section we assume that the identity ()2.14|) and the assumption (|2.12p hold true. 

6.1 Proof of Theorem I2T31 

Any eigenvalue of infinite geometric multiplicity belongs to the essential spec- 
trum which is real by Theorem 12.21 Let A be an eigenvalue of H a of finite 
geometric multiplicity, and \& be an associated eigenfunction. Using that a is 
of compact support, it is easy to check that x i— > x±,d — X2) is an eigen- 
function associated with A, too. The geometric multiplicity of A being finite, 
we conclude that at least one of the eigenfunction associated with A satisfies 
|\I/(a:)| = |^(— X\,d — xi)\- Taking this identity into account, integrating by 
parts and using the hypothesis that a is odd, we obtain 

A ||*||! 2( n) = h 1 ^} + Km = HV*||! 2( n) , 
which implies that A is real. □ 

6.2 Auxiliary results 

Let a function F E £2(^2) be such that supp F C £1 6 for fixed b > 0. We consider 
the boundary value problem 

f -AU=(^ -k 2 )U + F in CI, 

\ (<9 2 + ia ) U = on dn, [ ' ' 

where the parameter k € C ranges in a small neighbourhood of zero. The 
problem can be solved by separation of variables justified in Lemma [4 . 31 whenever 
k 2 £ (—00, 0]. Moreover, it is possible to extend the solution of (|6.1[) analytically 
with respect to k. Namely, the following statement is valid. 

Lemma 6.1. For all small k £ C there exists the unique solution to (|6.ip 
satisfying 



U{x; k) = c ± (k)e~ klxil Mx2) + 0(e~ Rc V^-^+fc 2 l*il) ; ( 6 .2) 

in the limit x% — * ±00, where c±(k) are constants. The mapping T\{k) defined 
as Ti(k)F := U is a bounded linear operator from ^2(^6) into W% for each 
a > 0. This operator is meromorphic with respect to k and has the simple pole 
at zero, 

Tl ^ F= % J F(x)Mx 2 )dx + T 2 (k)F, 
n 
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where for each a > the operator T 2 (k) : L 2 {£lb) ~* (^a) * s linear, bounded 
and holomorphic with respect to k small enough. The function U :— T2(0)F is 
the unique solution to the problem 

-AU = fj%U + F in Q, (<9 2 + ioo) U = on dfl, 

fj {x )^-i^A J \ Xl - tl \F(t)Mt 2 )dt + O(o-V^4\^\), \ Xl \^+oo, 
a 

(6.3) 



given by the formula 



with 



Ufa) 



U{x) =Y,Uj{xi)il>ifa) (6-4) 



\x x -ti\F{t)^{t 2 )dt if j = 0, 



Q 

1 



e-y r ^f^^-^F(t)4> j (t 2 )dt if 



The lemma is proved in the same way as Lemma 3.1 in [3]. 
Let M £ be the operator of multiplication by the function x 1— > e - le 0{ x i) x 2_ 
is straightforward to check that H a is unitarily equivalent to the operator 



M~ 1 H a M e = H ao - eh e 



where 



L e = -2i(3'{x l )x 2 — - 2ip(xi)— - {el3 2 ( Xl ) + if3"{xx)x 2 + e^^x 2 ) . 

We observe that the coefficients of L s are compactly supported and that their 
supports are bounded uniformly in s. 

It follows that the eigenvalue equation for H a is equivalent to 

H ao U = \U + sL e U, 

where an eigenfunction $ of H a satisfies = M E U. It can be rewritten as 

f -AU=(ii 2 a-k 2 )U + sL £ U in O, 

\ (d 2 + ia )U = on Oil, ^ ' ' 

where we have replaced A by — k 2 . 

Now, let A be an eigenvalue for H a close to /Zq. As x\ — > ±00, the solu- 
tion U to (|6.5p satisfies the asymptotic formula (|6.2p , where k = \//J% — A and 
the branch of the root is specified by the requirement Re k > 0. Such restriction 
guarantees that the function U together with their derivatives decays exponen- 
tially at infinity and thus belongs to W 2 (Q). Hence, the set of all k for which 
the problem (|6.5p . (16. 2p has a nontrivial solution includes the set of all values 
of k related to the eigenvalues of H a by the relation A = (1q — k 2 . Thus, it is suf- 
ficient to find all small k for which a nontrivial solution to (|6.5p . (|6.2p exists and 
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to check whether the solution belongs to W% (O). If it does, the corresponding 
number A — /i 2 , — k 2 is an eigenvalue of H a . 
We introduce the numbers 

: = J / ^0r 2 )0M>o)(z)dz, fc 2 (e) := \ [ fo{x 2 )(L e T 2 {0)L e ^ Q ){x) da; . 



Basing on Lemma 16.11 and arguing in the same way as in \1'6\ Sec. 2] one can 
prove easily the following statement (see also [4j Sec. 4]). 

Lemma 6.2. There exists the unique function e i— > fc(e) converging to zero as 
e — > +0 /or which the problem (|6.5|) . (|6.2p /ias a nontrivial solution. It satisfies 
the asymptotics 

The associated nontrivial solution to (16. 5|l . (|6.2p is unique up to a multiplicative 
constant and can be chosen so that it obeys (|6.2[) n/if/i 

c±(fc(e)) = l + 0(e), (6.6) 

as we/£ as 

U(x;e) = Vo(^) + 0(e) 
in W 2 (fl a ) for each fixed a > 0. 

6.3 Proof of Theorems [Ml and MM 



It follows from Lemma 16.21 that there is at most one simple eigenvalue of H a 
converging to (j% as e — > +0. A sufficient condition guaranteeing the existence 
of such eigenvalue is the inequality 

Re(fci(e) + ek 2 (e)) ^ C{e)e 2 , C{e) -> +oo, e -> +0, (6.7) 

that is implied by (|6.2p . (|6.6p . the definition of the operator M e and the as- 
sumption on (3. The sufficient condition of the absence of the eigenvalue is the 
opposite inequality 

Re(fci(e) +ek 2 (e)) < -C(e)e 2 , C(e) -> +oo, e -> +0. (6.8) 

Thus, we just need to calculate the numbers k\ and k 2 to prove the theorems. 
It is easy to compute the coefficient ki, 

j -a Q (f3) + k[(0) s if \a \<ic/d, 
U£j "\fci(0) £ if \a \>K/d, ( ' 

where 

*i(0) -=-l I ^o(x 2 )^(x 2 )(/3 2 (x 1 ) + /3' 2 (x 1 )^)dx. 



It is more complicated technically to calculate k 2 . This coefficient depends 
on e as well; to prove the theorem we need the leading term of its asymptotics 
as e — > +0. We begin the calculations by observing an obvious identity, 

L E U = L U + 0(e) , 
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where 

(L U)(x) := - 2i(3'( Xl )x 2 ?^ - 2i/3(z 1 )^^ - i(3"{ Xl )x 2 U{x) 

ax\ 0x2 

= i(p{x 1 )x 2 AU{x) - A [p( Xl )x 2 U(x)] ) , 

which is valid for each U € ^iiod^) i n -^2(^0), if a is large enough and 
independent of e. Thus, 

k 2 (e) = k 2 (0)+O(e), where fc 2 (0) = i fo{x 2 )(L T 2 {Q)L Q ij) ){x)dx. 



We denote [/ := X^O)^ and F := ioV-'o- Taking into account the problem (|6.3 
for U and integrating by parts, we obtain 

d.r 



MO) = \ / <M^) (/3(a;i)x2A&(») - A[/?(xi)a;al7(a0] 



12 

~ J (t>o(x 2 )(A + fil)/3(xi)x 2 U(x) dx~^J 4> (x 2 )P(xi)x 2 F(x) dx 
n a 



Md)U(-,d)-M0)U(-,0) )-i / 0o(^ 2 )/3(xi)a ;2 F(a : )da ; . 



(6.10) 



The last term on the right hand side of this identity is calculated by integration 
by parts, 

-~ J <t>o{x 2 )[3(xi)x 2 F{x) dx 

= ~ J 4>o{x 2 )f3(x 1 )x 2 [2f3(x 1 )t(j' (x 2 ) + 0"(xi)x 2 ipo(x2)] dx 
= ~ J (3 2 (xi)x 2 (fat/Jo)' (x 2 )dx + i J xj^' 2 ( X i)(f} (x 2 )ipo(x 2 ) dx 
= + 1 / ^(x 2 )^(a; 2 )[/3 2 ( a;i ) + /3' 2 (, 1 )^] dx. 

This formula, JEU) and ([(HO"]) yield 



,- £ a </3)+£ 2 X + O( £ 3 ) if |a |<7r/d, 
e^ii + 0(e) if |ao|>7r/d, 



where 

K := -1 (/3 [fc(d)tf(,d) -»)£?(, 0)]) - SlM^). 

Thus, it remains to calculate K . In order to do it, we construct the function U 
as the series (|6.4[) . 
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Case |«o| < n/d: Using the identity 

F(x) = -2if3{ Xl )^ {x 2 ) - i(3"( Xl )x 2 Mx2) > 
one can check that 

oo 

F(x) = -2a P(x 1 )ipo(x 2 ) - ij3"(x{)'Y]cjijjj(x2) , 

3=0 

\ico0(xi) — 2a v (xi) if j = , 

\icj - (/tj - /io>jOO] if j > 1 , 



^(si) 



where Cj := L X2ipo(x2)4'j( x 2)dx2 and the functions were introduced in (I2.15|) . 

Substituting now the formulae for Uj and (|6.4|) into (|6.11|) , we arrive at the fol- 
lowing chain of identities 



1 r -| X2 — d 

A L * — * J £2=0 



J=0 



1 

2 

+ 



zoo \ - 

d ^ [e-orf + (_!),] ^ 

-1 X2—d 

J x 2 =0 

2a ^ Mj(/3^> , a d + irj ~$ (d)i/j (d)d 
—f 1^ a 2_ u 2 tan 



2 2 
where the last expression coincides with r for |ao| < iv/d. 
Case |«o| > Tr/d: Following the same scheme as above, we arrive at 

Aa ipi(x2)/3(x 1 ) 



F(x) 



i(3"{x 1 )J2c j ip 3 (x2) 

3=0 



\ — e -ia a d 



(4j1p2j(x 2 ) 



'icqP(xi) if j = 0, 



Uj(xi)=< 



\ci(3{x{] 



2a 



-A' 

ic j (3(x 1 ) + 



2i^[l + (-lV 
(H 2 3 -A)d 



vi{xx) if j = l, 

Vj(xj) if j>2, 



and check that K — t for |ao| > 7r/<£ 

The series in the formulae for r converge since the functions Vj satisfy 



and by [H Ch. V, §3.5, Formula (3.16)] (j ^ 1) 



< ||^|U 2 (K)||«|U 2 (K) 



ml 



9 9 



(6.12) 



(6.13) 
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Summing up, 

-ea (f3) +e 2 r + 0{e 3 ) if |a |<7r/d, 
e 2 T + 0(e 3 ) if \a \>n/d. 



fci(e) + ek 2 {e) 



All the statements of the theorems - except for the reality of the eigenvalue 
- follow from these formulae, the identity A = [Aq — k 2 , the inequalities (|6.7p 
and (|6.8|) . Lemma \6.2\ the asymptotics ()6.2|1 for U, and the definition of the 
operator M e . 

Let us show that A e is necessarily real as e — ► 0+. Let *f? £ be the eigenfunction 
associated with the eigenvalue X e . It is easy to check that the function x i— > 
^ £ (xi, d— X2) is an eigenfunction of H a associated with the eigenvalue A e . This 
eigenvalue converges to /i 2 , as e — > +0. By the uniqueness of such eigenvalue we 
obtain X e = X e that completes the proof. □ 

6.4 Proof of Theorem Q 

We employ here the same argument as in the previous proof. The formula for 
k(e) in the case ao = can be obtained from that for |ao| < 7t/g? by passing to 
the limit ao —> 0. It leads us to the relation 



k(e) =e 2 r + 0(e 3 ) with T = -j^ 



3+1/ 



To prove the theorem it is sufficient to show that r < 0. Indeed, the equa- 
tion l|6.12p implies that for j ^ 1 

ifiVi) = ||^||! 2(R) + (p 2 -^)\\vj\\l m > 0. (6.14) 

Thus, t < 0. □ 

6.5 Proof of Proposition 12.11 

Since ((3) = 0, the function vq is constant at infinity. Hence, by the equa- 
tion ([(TH]) for vo, 

(P v o) = II«oIIl 2 (r)- 
At the same time, it follows from (|6. 13|) and (|6. 14|) that for j ' ^ 1, 

< (p Vj ) < J . 

Mj Mo 

The relations obtained allow us to estimate 

o j and 19 00 2 

t- ^ 9^2||,/||2 2ot cot -g- 2 / Ml \ - ^2j+l 

r > ^ty^ ^ ||/3|L 2(R) ^ + ^ ^ _ ^ 

2 

Bign(--ii)/3(ti)dti" 



2 



l 2 



2a Zcot Y f Mi rf 2 d 2 / 

,(Mi-M§) 2 + 16^ 2+ 48; 1 ' ;! - 



where the resulting expression is positive under the hypothesis. □ 
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6.6 Proof of Proposition 12.21 

Using (I6.14p . we obtain 

2 Q0 7r 2 cot^ 8^ 2 ^ ^ 2j (Pv2j) 

where the right hand side is non- negative under the hypothesis (j2.19[) . □ 

Let us show that the inequality (|2.19|) can be achieved if ao — > /i 2 + 0. In 
this case m = 1, and it is sufficient to check that 



a d I67r 2 (/3w 2 ) I67r 2 (/3w 2 ) 

It follows from the definition of ti\ that it satisfies the asymptotic formula 

vx{xx) = v 2 (xi) + (fi2 - a )v{xi) + 0((/i 2 - ao) 2 ) 
in L 2 (R)-norm, where the function v is given by 

-/ s f (V^o^i -h\ + l) e -^ol*i-*i| 

u i vly ^(*i)d<i, 

R ° 

and satisfies the equation 

—v" + « = 4/io^2 in M. 

We multiply this equation by v 2 and integrate by parts over R taking into 
account the equation (|6.12j) for ^2, 

4 Mo|Mll 2 (R) = (/?«)■ 

Hence, 

(/3vi) = (0V2) +4(^2 - ao)Mo||«2||| 2 (M) +C((M2 - a ) 2 ). 

Employing this identity we write the asymptotic expansions for the both sides 
of (|6.15[) as ao — > fi 2 + 0, and obtain 



a (p Vl ) cot = . ^ 2 , 2 + - (Pv 2 ) - -a\\v 2 \\ 2 LM + 0(fi 2 - a ) 



a d 4-K(f3v 2 ) 2 / 87T 2 
2 (a - /i 2 )d 2 d V rf2 
167r 2 (/3 W2 ) _ 47r(/3u 2 ) (/3u 2 ) 



+ 0(^2 - "o) • 



(a 2 , - fJ. 2 )d 3 (ao - \i 2 )d 2 d 
Thus, to satisfy (|6.15p . it is sufficient to check that 

16 2 

3(^2) \\v 2 ||i a(K) >0, 

which is in view of (|6. 14|) equivalent to 

7tt 2 

3||»allL a (K) > -^-|I W 2||| 2(R) ■ 

It is clear that there exists a function v £ Cq°(M) for which this inequality is 
valid. Letting v 2 := w and /3 := — v" + S^IqV, we conclude that there exists (3 
such that the inequality (|2.19|) holds true, if ao is sufficiently close to /z 2 and 
greater than this number. 
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